Abstract We provide some more explicit formulae to facilitate the computation of Ohtsuki's rational invariants ,k,~ of integral homology 3-spheres extracted from Reshetikhin-Turaev SU(2) quantum invariants. Several interesting consequences will follow from our computation of A2. One of them says that A2 is always an integer divisible by 3. It seems interesting to compare this result with the fact shown by Murakami that )u is 6 times the Casson invariant. Other consequences include some general criteria for distinguishing homology 3-spheres obtained from surgery on knots by using the Jones polynomial.
See Corollary 5.3. Needless to say, we don't know what kind of geometrical or topological obstruction the invariant A2 represents which prevents these two 3-manifolds $3,~/,~ and S~.,1/~ from being homeomorphic to each other for n # 0.
Fermat Functions and Their Residues
Fermat's Little Theorem tells us that for an integer a and a prime r such that a # 0 mod r, a ~-1 : 1 mod r. Let us view this theorem from a different angle.
Suppose we have a function f which sends each prime r to f(r) E 25~, where Z~ is the ring of r-adic integers. Suppose a E Z~ be an r-adic integer; then ~ denotes the first digit in the r-adic expansion of a. We will call f(r) a Fermat function if there is a rational number zk independent of r such that
i.e. f(r) = A for all sufficiently large primes r. Here we should notice that for the fixed rational number A, we have A E 2~ if r is sufficiently large. So (2.1) makes sense for a sufficiently large r.
If f is a Fermat function, we will call the rational number A the residue of f, and it is denoted by Res(f). Fermat function whose residue is -1/2. Also, the function f(r) = (r -1)! is a Fermat function because of Wilson's theorem, which says that (r -1)! -= -1 rood r [16] . On the other hand, an example of a non-Fermat function is given by f(r) = (~)!. See [16] for a discussion of the residue of (~-1 ~ w 2 J', which turns out to be dependent on r.
The following lemma comes directly from the definition.
Lemma

Suppose that f and g are Fermat functions. Then 1 For rational numbers a and/3, af +/3g is a Fermat function whose residue is o~Res(f) +
/3Res(g);
f.g is a Fermat function whose residue is Res(f)Res(g);
/f Res(g) # 0, then fig is a Fermat function whose residue is Res(f)/Res(g).
Thus, in particular, every polynomial function of r with rational coefficients is a Fermat function whose residue is its constant term. And every rational function with rational coefficients is a Fermat function if the constant term of the denominator is not zero. Its residue will be the value of the function at r = 0.
The following examples of Fermat functions and the calculation of their residues are very important to our discussion of Ohtsuki's invariants. So we single them out first. We will use the notation Z(m) = ' 3'"" m 1 -X form < 2 with m being a positive integer.
Example 2.1 For a fixed integer k, the function
Dk(r)--(~=~)!
is a Fermat function whose residue is given by Proof By the Euler-Maclaurin formula for sj [16] , we have
where /30 = 1,/~1 ---1/2, and •=i = (-1)i-XBi, fl2i+1 = 0 for i _> 1 (Bi is the Bernoulli number). We also have yon Staudt's theorem which determines the fractional part of Bi [16] .
It follows that f~i E Z(i+2). This implies the lemma.
For a pair of non-negative integers l, m, we define Proof We first derive a formula for aj(1,2,...,n -1), using a trick of Lagrange. We will use abbreviation aj = crj(1, 2,..., n-1).
We have
If we multiply both sides by x and change x into x -1, we obtain
Equating the coefficients, we obtain
r~--2 (n-1)~_1(1,2, ,n-1) = ~i.
i=0
Therefore, we see inductively that c~j(1, 2,..., n -1) is a polynomial of n with coefficients in g(j+~) and divisible by n(n -1)-.. (n -j). Using these formulae for crj, we have
.., n -1)
-(j + 1)! + ~= (j + 1 -i)! i ~(n -1)---(~ -i)"
Suggested by (2.4), we define a series of rational numbers @m E Z(m+2)[ 89 for i _> 1 recursively as follows: 1
It is clear that we may identify a~ '~ with the residue of j~(1,2 ....... 1) with n = -l + m.
n(n--1)...(n--j) 2
Then we have
Obviously, Formula (2.5) for g~,0 and g' follows from the formula of Res(Dk) in Example 1,0 2.1. To see Formula (2.5) for m > 1, we only need to notice that (-89 9 (-89 -l)
This finishes the proof of Lemma 2.4.
Fermat Limits and Ohtsuki's Invariants
We fix some notation about the "quantum parameter" first:
9 We will use r to denote an odd prime, and q = e 27r'/'E-i-/r. The quantum integer 9 If f(x) is a C a function, we use Coeff~(f; x -a) to denote the coefficient of (x -a) '~ in the Taylor expansion of f at x = a.
9 The Gauss sum is Go(q) r-1 r--1 k2~qk2 = ~-~-k=0 q k2. The weighted Gauss sum is G2l(q) = ~-~k=0
To define Ohtsuki's invariants, we need the following definition.
Let l(r) be an integer valued function ofr with lim~++~ l(r) = +c~ and l(r) <_ r-2. Given a sequence of complex numbers sr(q) E Z(r) [q] . Fix a non-negative integer n; for sufficiently large r, we write
for some a~,n E Z(~). 
Remark
Notice that An is an integer if and only if the congruence class ~ E Z/rZ, which is well-defined, stabilizes as a fixed integer for all sufficiently large r.
With all the above being understood, we summarize the main results of [4] and [1] into the following theorem. invariant of Reshetikhin and Turaev [2] at the r-th root of unity normalized as in [17] . Then 
tV(L+;t) -t-IV(L-; t) = (t 89 -t-89
Note that our normalization differs from the usual definition of the Jones polynomial in [18] .
Actually it is obtained from the usual Jones polynomial by changing t to t -I and multiplying For any link L+_ with ~r > 2, we have 
(L; t) = X(L1; t). X(L2; t), and ~(n; t) = ~(L1; t). ~(L2; t). O,(L) (t --1) i. Finally for each
Further, we put O~(L) = d'O(L;t) ,(t 2 + t)[~(L+_; t) -~(L_+; t)] = (t -1)[~(L-0; t) -~(Lo-; t)].
(t 2 + t)X(L+_;t) -(1 + t-1)X(L__;t) = (t-1)X(Lo_;t);
and similarly,
(t 2 + t)X(L_+;t) -(1 + t-1)X(L__;t) = (t-1)X(L_0;t).
By subtracting the second equation from the first, we obtain
By a direct computation, we get
This is (4.1). Expanding both sides into Taylor series at t = 1 and equating the coefficients, we will get (4.2) since ~tL+_ = #L_+ = #L0-+ t = ~L-0 + 1. 
Proof Let K+ and K_ be a pair of knots differed by a crossing change. As before, K0 is the two component link obtained by an orientation preserving smoothing of that crossing. We denote by l the linking number of the two components of K0. We may have another knot Koo by smoothing the given crossing inconsistent with the orientation. We have
V(K+;t) -t-xV(K_;t) : (1 -t-1)t -'Jr V(Ko~; t). (4.3)
See Corollary 13.4 in [18] .
We use v~ with subscripts +, -or c~ to denote the corresponding v~ of K+, K_ and K~.
By taking derivatives on both side of (4.3), we have:
Noticing that 12 --l mod 2, then the lemma follows inductively. (2) Use the double crossing formula (4.2) again:
By induction on the double unlinking number and the number of components, it suffices to
For a GSL L with #L > 3, r : 0. Thus (2) holds.
In the light of Theorem 4.1, we was tempted to conjecture originally that n! r E 6Z
for every ASL L. But this was shown by Boden [19] to be not true. We therefore weaken the conjecture to the following form.
For every boundary link L, n! Cn(L) E 6Z.
Notice that every integral homology 3-sphere can be obtained from surgery on a boundary link with +l-framing [20] . Therefore, Conjectures L1 and 4.1 are probably closely related with each other.
The Second Invariant A2
A framed ASL is said to be unit framed if the framing of each component is =kl. 
Here, ilL' corresponds to the #-tuple (i1,... ,i,), s2(L') = #{Q; i~ = 2}.
The formula for A1 is equivalent to Hoste's formula for the Casson invariant [21] . This can be proved by using Corollary 3.12 of [4] . Both formulae will be proved in Section 6.
Combining with Theorem 4.1, we obtain Corollary 5.1
Let M be an oriented homology 3-sphere. Then 1 ;~I(M) ~ 6Z.
A2(M) e 3Z[ 89
Notice that Corollary 5.1 (2) will be strengthened in Theorem 7.1.
In the rest of this section, we will study the behavior of the invariant A2 on homology 3-spheres obtained from 1/n-Dehn surgery on knots. We will use (5.2) to make the relation between A2 with (the coefficients of) the Jones polynomial very explicit in this particular case.
Theorem 5.2
Let n be an integer, and S3Kj/n be the homology 3-sphere obtained from 1/nDehn surgery on a knot K. Then
Recall that c4 is the coefficient of z 4 in the Conway polynomial of K and vi is the i-th derivative of V(K; e h) at h = 0.
To prove this theorem, we need two lemmas.
Proof ( Then A2 is an integer divisible by 3, i.e., A2 E 3Z.
Once again, this conclusion will be strengthened in Theorem 7.1.
Recently, R. Lawrence and L. Rozansky conjectured that A: -3Ac, where Ac = A1/6 is the original Casson invariant, is divisible by 6. See [24] . By Theorem 7.1, A2 is divisible by 3.
Therefore, this conjecture of Lawrence and Rozansky amounts to saying that A2/3 and Ac are of the same parity, or A2/3 ---Ac mod 2. Since Ac mod 2 is equal to the Rokhlin invariant # [15] , this is the same as one says that A2/3 mod 2 is equal to the Rokhlin invariant #. In [24] , this conjecture of Lawrence and Rozansky is proved for Seifert fibred integral homology 3-spheres.
See also Example 5.2 below. 
A2(S~. ,I~ ) = --~ v~(K).
This completes the proof.
Corollary 5.5
Let n, m be two distinct integers, and K be a knot.
Ifv2(K) # O, then S3,1/,~ and S3K,1/m are distinct as unoriented 3-manifolds. 2 lfv2(K) : O, and v3(K) # -180(n + m). c4(K), then $3,11,~ and S3,11m are distinct as unoriented 3-manifolds.
Proof (1) follows from comparing AI of the two manifolds, and (2) We end this section with a proposition which relates Vassiliev invariants coming from Conway and Jones polynomials for torus knots. We omit the proof because it is simply a brutal force computation. where h&,h,me's are some unknown constants whose existence was established by Ohtsuki. Our main result here is a more practical formula for An. In the following, we will restate several lemmas in [1] 
-fr E vfr162162 (q -1)me ;q --1 .
~=1 rn~--=0
By picking out the n-th coefficient, we get the desired formula.
Corollary 6.1
Let K be a knot. The knot invariant 0,~ induced by ~,~ is defined to be O,~(K) = A,(S3 1). Then 0,~ is a Vassiliev invariant of order 2n.
Proof By Theorem 6.1, 0n is alinear combination of@(K j) for 1 < I < n, 1 < j _< I. As @(K j) is a Vassiliev invariant of order l + j, 0n is an invariant of order 2n.
Since An is a finite invariant of order 3n in the sense of [11] (see [13] ), Corollary 6.2 also follows from the result in [5] 9
To get an explicit formula for A,~, we have to determine the constants ~f,i,m. Our discussion here is parallel to the discussion of hf,i,m in Section 8 of [1] . To avoid repetition of many formulae, we will quote some formulae from [1] and leave the interested reader to consult [1] for details. We will make some improvement in his main lemma (Lemma 8.3 in [1] ) and the result is more explicit.
To get uf,i,m, fix a nonnegative integer i, and let l(r) = ~-1 i -1. Let
where Go(q)is the Gauss sum. Note that s~,f,i E Z(~) [q] and (~) is the Legendre symbol. 
With respect to l(r) = r@, we have f-lim (z~-!)!'G2'(q) = ~m=o+~ gz,m( --
This is the main technical lemma and is an improvement on Lemma 8.3 in [1] . In [1] , Ohtsuki established the existence of g~,,~, but his proof does not give a formula for these numbers. Here, the g~ l,m are given explicitly in (2.5). We also have g~ t,m E Z(m+2)[ 89 whereas in [1] , it is only known that g' 1
Proof To expand G2z(q) into a power series in (q -1), we take the Taylor expansion of r--1 k2lxk~
~-~k=0 at x = 1 and put x = q. Hence we have We will use Fermat's Little Theorem (a ~-1 __ 1 mod r) to get rid of s2l+2m,(1,... ,r -1) in the above expression. So if 2l + 2rn ~ 7~ 0 mod (r -1), then we may assume 21 + 2m ~ < r -2.
We have dropped these terms by the preceding argument 9 So the only non-trivial contribution of s2l+2m,(1,...,r -1) comes from 2l + 2rn' = 0 mod (r -1). Since r@ _ l <_ m < r-2 -l, we have 21 + 2m ~ = r-1, i.e. m ~ = ~-1 _ I. In this case, Comparing the coefficients, we get
(6.1)
So we can compute gz,m recursively once the g' l,,~ are known. And we also see that gl,m E
The following lemma is now a direct consequence of the definition.
Lemma 6.2
With ~espect to l(r) = r@, we have f-lim(q -1) t G2t(q) = E+r-~n=o20 gl,rn(t_ 1)m.
Go(q)
In particular, go,m = 6o,,~.
Here comes our last technical lemma, whose proof is straightforward.
Lemma 6.3
Let Fi,z(x) be the polynomial in x defined recurs@ely for i >_ 0, l > -1 and
is of the same degree k for any i > O; and 3 i+2 fi+l,,(x) =-x ( e )"
Now we come to the computation of the Fermat limit of s~j,i(q), or equivalently, the deter- ,.=0
Using the fact that g0,," = 50,., we see that the first term is the case l = 0 of the fourth, and the second is l' --0 of the third. Combining these four terms into two terms, and picking out the coefficient of (q -1),. in the expansion above, we obtain 
i! 21' boetI,"(t 2 (t+ l)iFi,t(t~ +t-89
l'=0 1=21'+1 +oo 9 E gl',m'(t-1)m'-t'--i
Let M be an oriented integral homology 3-sphere. Then )~,~(M) E Z(~+U.
Proof By Theorem 6.1, we needuLi,," with0<m<n-1, and0<i<n-m for A,,. Using (6.2), we need m' -l' -i -1 + l < m and m' + l' -i < m. In both cases, the terms with l' = 0 have the right denominator 9 So we may assume l' >_ 1. Then it is easy to check that m' < n -1.
So for the formula of An, we need gl',m' with l' < n/2, and m' < n -1. As gl,,,", E Z(,",+2), our theorem follows 9
This theorem tells us that the biggest factor in the denominator of An is indeed n. So it agrees with Conjecture 1.1.
To tie up the loose ends in Section 5, we prove the formulae for A1 and A2. 
Proof of Theorem
For n --1, 2, ~ E Z/rZ stabilizes an a fixed integer for all sufficiently large
See the remark after Lemma 3.1.
It seems to be an interesting question as to when this magic stabilization starts. We suspect that this may happen from the very first term.
Xiaonong Linet al. To prove this theorem, we will use the universal invaxiant (or the colored Jones polynomial) for ASL's. We will follow the exposition of [1] (see also [2, 17, 22] ).
As before, let r be an odd prime and q = e ~ . We assumeq~ =-q---~-.Let Uq be the associative algebra over C with generators E, F, K + subject to the following relations:
Note that we do not impose a relation K 2r = 1 on Uq. The algebra Uq becomes a Hopf algebra with comultiplication A : Uq --+ Uq | Uq, antipode S : Uq --+ Uq and counit e : Uq --+ C by: The facts in (1), (2) and Part (a) of (3) In [25] , Ohtsuki generalized his derivation of A,~ to rational homology 3-spheres (see also [26] ).
The reader may not feel satisfied that we didn't work on rational homology 3-spheres, but that shouldn't be of any essential difference with what we did for integral homology 3-spheres. Moreover, with regard to the problem of the topological nature of Ohtsuki's invariants, considering rational homology 3-sphere may add some considerable technical difficulties so as to obscure a clear picture, and we would be very happy to have such a picture just for integral homology 3-spheres. We hope that our prejudice to integral homology 3-spheres would be justified.
Speaking about the topological nature of Ohtsuki's invariants, the following problem is very natural.
Problem 1
As A1 is essentially the Casson invariant and A2 is an integer, we ask if there is an analogous interpretation for A2 as the Casson invariant; or whether A2/3 counts algebraically any geometrical or topological objects related with the manifolds in question? There is evidence that An is related with the generalized SU(n) Casson invariant [27] . We hope to address the case of A2 later.
The motivation of [11] is to give a definition of "finite type invariants of homology 3-spheres" which will include A,~. A proof that A2 is a finite type invariant of order 6 is sketched in [12] .
The general case where An is of finite type has been proved by several people. The first written proof in [13] is based on our surgery formula in Theorem 6.1 together with Formula (6.2). Thus, we may think of the series ~ An(t -1) ~ for an integral homology 3-sphere as the analogy of the Jones polynomial of a knot.
